We introduce conjectures relating the Chow ring of a smooth Artin stack X to the Chow groups of its possibly singular good moduli space X. In particular, we conjecture the existence of an intersection product on a subgroup of the full Chow group A * (X) coming from strong cycles on X .
Introduction
Let X be a non-singular projective variety with an action of a linearly reductive group G over an algebraically closed field of characteristic 0. Given a linearization L of the action we can define the open set, X s , of L-stable points and the open set, X ss , of L-semistable points. Mumford's GIT produces quotients X s /G and X ss /G of these open sets. The former quotient has mild (finite quotient) singularities but is not in general proper. The latter quotient is projective and contains X s /G as an open set, but in general has worse singularities. When the action of G has generically finite stabilizers the GIT quotient X s /G is the coarse moduli space of the Deligne-Mumford (DM) quotient stack [X s /G]. Likewise, the quotient X ss is the good moduli space in the sense [Alp] of the Artin quotient stack [X ss /G]. There is a fully developed intersection theory on quotient stacks [EG] which assigns to any smooth quotient stack X a Chow ring A * (X ). When X is smooth Deligne-Mumford, there is a beautiful relationship between the Chow ring of X and that of its coarse moduli space X: there is a pushforward isomorphism on rational Chow groups A * (X ) Q ≃ −→ A * (X) Q . As a result, the possibly singular variety (or more generally algebraic space) X has an intersection product on its rational Chow groups induced from the intersection product on the Chow groups of X . Furthermore, a fundamental result of Vistoli [Vis] states that any variety X with finite quotient singularities is the coarse moduli space of a smooth Deligne-Mumford stack X , and hence by the above, A * (X) Q carries an intersection product coming from that of A * (X ) Q . However, for varieties X with worse than finite quotient singularities, or for stacks X which are not Deligne-Mumford, the beautiful picture above breaks down in almost every aspect. In general, if X is a smooth Artin stack, the rational Chow groups A * (X ) Q can be non-zero in arbitrarily high degree, so cannot be isomorphic to the rational Chow groups A * (X) Q of the good moduli space. In fact, it is not even known if the moduli map π : X → X induces a pushforward map π * : A * (X ) Q → A * (X) Q . Moreover, there are good quotients by actions of reductive groups, such as the cone over a quadric hypersurface, where one can prove there is no reasonable intersection product on the Chow groups.
In this article we consider two questions about the Chow groups of Artin stacks and their good moduli spaces aimed at rectifying the above problems. Question 1.1 Let X be an Artin stack with good moduli space morphism π : X → X. Is there a geometrically meaningful pushforward map π * :
Since this pushforward map, if it exists, cannot be an isomorphism we are led to the following: Question 1.2 Is there an interesting subring of the Chow ring A * (X ) such that the restriction of π * to this subring is injective? Remark 1.3 (Application to Chow groups of singular varieties) As mentioned above, there exist singular varieties X that are good quotients by reductive groups for which A * (X) Q carries no reasonable intersection product, e.g. the cone over a quadric hypersurface. However, if Questions 1.1 and 1.2 have affirmative answers, then we can identify an interesting subgroup of A * (X) Q that does carry an intersection product. Indeed, such a variety X is a good moduli space of a smooth Artin stack X ; by Question 1.1, we have a map π * : A * (X ) Q → A * (X) Q and our desired subgroup of A * (X) Q is the image of the subring provided by Question 1.2.
We answer Question 1.1 for the class of good moduli space morphisms that lookétale locally like GIT quotients with non-empty stable loci; this is done in Section 2. We then give a conjectural answer to Question 1.2 in Section 3. We shall see that the answers to both questions are related by the concept of strong embedding which was the subject of the first author's TIFR Colloquium lecture.
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Background on stacks and good moduli spaces
For simplicity of exposition, all stacks are assumed to be defined over an algebraically closed field of characteristic 0. We also assume that any stack is of finite type over the ground field and has affine diagonal. The following definitions are generalizations of concepts in invariant theory.
Definition 1.4 [Alp, Definition 4 .1] Let X be an algebraic stack and let X be an algebraic space. We say that X is a good moduli space of X if there is a morphism π : X → X such that 1. π is cohomologically affine meaning that the pushforward functor π * on the category of quasi-coherent O X -modules is exact.
2. π is Stein meaning that the natural map O X → π * O X is an isomorphism.
Remark 1.5 By [Alp, Theorem 6 .6], a good moduli space morphism π : X → X is the universal morphism from X to an algebraic space. That is, if Z is an algebraic space then any morphism X → Z factors through a morphism X → Z. Consequently X is unique up to unique isomorphism, so we will refer to X as the good moduli space of X .
where G is a linearly reductive algebraic group then the statement that X is a good moduli space for X is equivalent to the statement that X is the good quotient of X by G.
Definition 1.7 [ER] Let X be an Artin with good moduli space X and let π : X → X be the good moduli space morphism. We say that a closed point of X is stable if π −1 (π(x)) = x under the induced map of topological space |X | → |X|. A point x of X is properly stable if it is stable and the stabilizer of x is finite.
We say X is stable (resp. properly stable) if there is a good moduli space X π → X and the the set of stable (resp. properly stable) points is non-empty. [ER] .
We denote by X s (resp. X ps ) the open substack of X of stable (resp. properly stable) points. The stack X ps is the maximal Deligne-Mumford substack of X which is saturated with respect to the good moduli space morphism π : X → X. In particular, a stack X with good moduli space X is properly stable if and only if it contains a non-empty saturated Deligne-Mumford open substack. has no stable or properly stable points and X is not a stable stack.
1.2 Background on equivariant Chow groups and Chow groups of stacks
Equivariant Chow groups
If X is an equidimensional scheme or algebraic space, we use the notation A k (X) to denote the Chow group of codimension-k cycles modulo rational equivalence. The total Chow group A * (X) is the direct sum ⊕ dim X k=0 A k (X). When X is smooth the intersection product makes A * (X) into a graded ring. The definition of equivariant Chow groups is modeled on the Borel construction in equivariant cohomology. If a linear algebraic group G acts on X then the k-th equivariant Chow group A k (X) is defined to be A k (X G ) where where X G is any quotient of the form (X ×U)/G where U is an open set in a representation V of G such that G acts freely on U and V U has codimension more than i. In [EG] it is shown that such pairs (U, V) exist for any algebraic group and that the definition of A k G (X) is independent of the choice of U and V. Note that, since representations can have arbitrarily high dimension, A k G (X) can be nonzero in arbitrarily high degree. Thus the total equivariant Chow group A *
. An equivariant k-cycle need not be supported on X, but only on X × V where V is a representation of G.
Because equivariant Chow groups are defined as Chow groups of schemes (or more generally algebraic spaces) they enjoy all of the functoriality of ordinary Chow groups. In particular, if X is smooth then pullback along the diagonal defines an intersection product on the total Chow group A * G (X).
Chow groups of stacks
Gillet [Gil] and Vistoli [Vis] defined Chow groups of Deligne-Mumford stacks in an analogous way to Chow groups of schemes. Namely, they considered the group generated by the classes of integral closed substacks modulo rational equivalences. With rational coefficients this theory has many desired properties such as an intersection product on the rational Chow groups of smooth stacks. Kresch [Kre] generalized their work by defining integral Chow groups for Artin stacks X with quasi-affine diagonal. When X = [X/G] is a quotient stack, Kresch's Chow groups A * (X ) agree with the equivariant Chow groups A * G (X). When X is Deligne-Mumford with coarse space X the proper pushforward π * : [Vis, EG] . The pushforward is defined on cycles by the formula
where e Z is the generic order of the stabilizer group along Z. In particular this means that if X = [X/G] is a Deligne-Mumford stack then every equivariant Chow class can be represented by a G-invariant cycle on X (as opposed to X × V where V is a representation of G).
Q will be non-zero in arbitrarily high degree, so if π : X → X is a good moduli space morphism we cannot expect A * (X ) Q to equal A * (X) Q .
Strong lci morphisms of stacks with good moduli spaces
We now introduce the key concepts of strong embeddings and strong lci morphisms.
Definition 1.10 Let X be an Artin stack with good moduli space π : X → X. A closed embedding Y → X is strong if Y stack-theoretically saturated with respect to the morphism π. A regular embedding which is strong will be called a strong regular embedding.
Remark 1.11 In [Edi] the first author considered the notion of strong regular embeddings of tame 1 stacks.
Remark 1.12 Theorem 2.9 of [AHR] states that the good moduli space morphism π : X → X looksétale locally like the morphism [Spec A/G] → Spec A G where G is a linearly reductive group acting on a finitely generated k-algebra A. The condition that a closed embedding Y → X is strong is equivalent to the assertion that the local ideals I of Y satisfy I G A = I.
Strong regular embeddings Y → X are characterized by a number of equivalent properties including 1. The morphism of good moduli spaces induced by the closed embedding Y → X is a regular embedding and the diagram
2. The stabilizer G y of any point y of Y acts trivially on the fiber of the normal bundle N Y/X ,y .
These facts follows from the proof of [Edi, Theorem 2.2] for tame stacks since the proof only uses the fact a tame stack isétale locally the quotient of an affine scheme by a linearly reductive group.
We next extend the notion of strong regular embedding to that of a strong lci morphism.
Definition 1.13 A morphism of Y → X is a strong lci morphism if it factors as Y → P(E) → X where Y → P(E) is a strong regular embedding and E is a vector bundle on X such that the stabilizer of any point x of X acts trivially on the fiber E x . Proposition 1.14 If f : Y → X is a strong lci morphism and X is a good moduli space for X then Y has a good moduli space Y. Moreover, the induced morphism of good moduli spaces Y → X is lci and the diagram
Proof By assumption, the map Y → X has a factorization Y → P(E) → X as in Definition 1.13. If G x acts trivially on the fiber E x for all points x of X , then E = π * E where E is a vector bundle on X. It follows from [Alp, Proposition 4.7] that P(E) is the good moduli space of P(E). Since Y is strongly embedded in P(E) the proposition follows from the corresponding statement for strong regular embeddings of tame stacks [Edi, Theorem 2.2] .
2 Pushforwards in Chow groups: an answer to Question 1.1
The goal of this section is to prove the following theorem.
Theorem 2.1 Let X be a properly stable smooth Artin stack with good moduli space morphism π : X → X. Then there is a pushforward map π * :
2. More generally, if Z is an irreducible closed substack of X which is contained in the maximal saturated DM substack X ps then,
where e Z is the generic order of the stabilizer group along Z.
3. The pushforward commutes with strong proper lci morphisms. Precisely, if f : Y → X is a strong lci morphism of smooth properly stable Artin stacks 2 and f : Y → X is the induced map on good moduli spaces, then the diagram of Chow groups of stacks and good moduli spaces commutes
The example of [EGS]
An obvious question is whether the functoriality property (3) of Theorem 2.1 holds for arbitrary lci morphisms of Artin stacks, as opposed to strong lci morphisms. In [EGS, Theorem 1], we showed that any choice of pushforward map that commutes with all regular embeddings must, in fact, be the 0 map. Thus, we cannot expect the functoriality property Theorem 2.1 (3) to extend to arbitrary lci morphisms, let alone arbitrary regular embeddings. This shows the importance of the condition that the lci morphisms be strong. Let us briefly recall the example of [EGS] . Consider the action of G 
Sketch of the proof of Theorem 2.1
The proof Theorem 2.1 uses the following result of [ER] which is a generalization of an earlier result for toric stacks in [EM1] .
Theorem 2.2 Let X be a properly stable Artin stack with good moduli space X. There is a canonical sequence of birational morphisms of smooth Artin stacks X n → X n−1 → . . . → X 0 = X with the following properties.
1. The stack X n is Deligne-Mumford.
2. Each X k admits a good moduli space morphism X k → X k with X k an algebraic space.
Moreover, X ps k = ∅.
3. The morphism X k+1 → X k is an isomorphism over the maximal saturated DM substack X ps k ⊂ X and it is an open immersion over the complement of a proper closed substack of C k ⊂ X k .
4. The morphism X k+1 → X k induces a projective birational morphism of good moduli spaces X k+1 → X k .
5. The maximum dimension of the stabilizers of the points of X k+1 is strictly smaller than that of X k .
Remark 2.3
The birational morphisms X k+1 → X k are called Reichstein transformations.
They are defined as follows. Let C k be the substack of X k parametrizing points with maximal dimensional stabilizer. This locus is necessarily a closed smooth substack of X . Let S k be the saturation of C k with respect to the good moduli space morphism X k → X k . Then X k+1 is defined as the complement of the strict transform of S k in the blow up of X k along C k Proof (Proof of Theorem 2.1) The map π * : A * (X ) Q → A * (X) Q is defined as follows. The morphisms X k+1 → X k are representable morphisms of smooth stacks. In particular they are lci so, the composite morphism f : X n → X is as well. Hence there is a pullback of Chow group f * : A * (X n ) → A * (X ). On the other hand the morphisms of good moduli space X k+1 → X k are birational and projective, so the composite map f : X n → X is also birational and projective. Thus, there is a pushforward f * : A * (X n ) → A * (X). Since X n is a DM stack, we also have a pushforward of Chow groups π n * :
Since the maps X k+1 → X k are isomorphisms over the properly stable locus in X , if Z ⊂ X is a closed substack contained in the properly stable locus then π * [Z] can be identified with
. This proves statement 2 of the theorem. Finally the last statement follows because the construction of [ER] is functorial for strong lci morphisms.
Remark 2.4 A similar construction for a class of toric stacks was given in [EM2] .
3 Toward a theory of strong Chow groups: a conjectural answer to Question 1.2
As discussed in Section 2.1, the example of [EGS] shows that there does not exist a pushforward map π * : A * (X ) → A * (X) that is functorial for all regular embeddings (let alone all lci morphisms). So, rather than focusing on defining a pushforward from A * (X ), we focus on the subgroup generated by strong cycles. We now state a series of conjectures concerning A k st (X /X). Our first gives a conjectural answer to Question 1.1. Z [π(Z)] for strong cycles Z respects rational equivalence, so we obtain a pushforward map π st, * :
We also state a stronger form of Conjecture 3.2:
Conjecture 3.3 If X is a properly stable smooth Artin stack and π : X → X its good moduli space, then the pushforward map π * :
Remark 3.4 Note that by definition, any strong 0-cycle must be contained in the stable locus so Theorem 2.1 (2) implies that Conjecture 3.3 holds for strong 0-cycles.
Remark 3.5 Conjecture 3.3 is also true for smooth strong substacks Z ⊆ X . Indeed, since Z is smooth, the inclusion map to X is a strong regular embedding and so by Theorem 2.1 (3), we reduce to the case that Z = X is the fundamental class. Since all maps X i+1 → X i in Theorem 2.2 are birational, we therefore have
We now turn to Question 1.2 where our main conjectures are as follows.
Conjecture 3.6 If X is a properly stable smooth Artin stack with good moduli space X,
Conjecture 3.7 Assuming Conjectures 3.2 and 3.6, then there is a subring A * inj (X /X) Q of A * st (X /X) Q which contains the subalgebra generated by A 1 st (X /X) Q and has the property that the pushforward π st, * is injective on A * inj (X /X) Q . Moreover, if X has only quotient singularities then π st, * is bijective on all of A * st (X /X) Q .
Remark 3.8 (Conjectural answer to Question 1.2) Notice that if Conjecture 3.7 holds then it provides an answer to Question 1.2: the image of A * inj (X /X) under π st, * yields a nontrivial subgroup of A * (X) with an intersection product.
Remark 3.9 We will see in Example 3.12 that the assignment
is not injective on all strong cycles. By analogy with the DM case, one might hope that it is possible to associate to every scheme X with reductive quotient singularities (i.e. thoseétale locally of the form V /G where V is a representation of a linearly reductive algebraic group) a canonical properly stable Artin stack X whose good moduli space is X. If this were the case, then assuming Conjecture 3.7, for every such scheme X, its Chow groups A * (X) are equipped with a canonical subring, namely A * inj (X /X). Moreover, since the stack X is canonical the full strong Chow ring A * st (X /X) is also an invariant of the scheme X. V (x 1 x 2 , x 2 x 3 , z) and X = [X/G]. The map X → P 2 given by (x 1 , x 2 , x 3 , z) → (x 1 x 2 : x 2 x 3 : z) is a good quotient.
Examples illustrating the conjectures
3 Hence X → P 2 is a good moduli space morphism. The maximal saturated DM substack is the quotient [X s /G] and X s = X V (x 1 x 2 , x 2 x 3 ) since V (x 1 x 2 , x 2 x 3 ) is the saturation of the locus in V (x 1 , x 2 , x 3 ) where G acts with positive dimensional stabilizer. We verify all four of the above conjectures for this example.
If we denote by s, t the first Chern classes of the projection characters of G 2 m then
We next compute the strong Chow groups of X . First note that since X is non-singular, any Weil divisor is Cartier. Now if [D] is the support of a strong Cartier divisor then D = V (f ) where f is a function which is invariant on each G-invariant affine open in X. Such a function must necessarily be a homogeneous polynomial in the semi-invariants (x 1 x 2 , x 2 x 3 , z) and the Chow class of such a polynomial is a multiple of s + t. Moreover, the divisor V (z), which has Chow class s + t, is strong. Hence A 1 st (X /X) ≃ Z generated by s + t. Next, A 2 st (X /X) is generated by [V (x 1 , z)] which is the class of a non-stacky closed point in X ; its Chow class is s(s + t).
2 . The relation (s + t)
/h 3 sends s + t to h. Thus, π * is an isomorphism on A * st (X /X), verifying Conjecture 3.7. In this example, the cycle V (x 1 ) is not strong, but the "extra" component in its saturation, V (x 2 ), does not dominate π(V (x 1 )). We call a cycle Z ⊂ X generically strong if any extra components of the saturation of Z do not dominate π(Z). We conjecture that π * ([Z]) = π(Z) for all such cycles, which would strengthen Theorem 2.1 (2). We denote the coordinates as (x 1 , x 2 , x 3 , x 4 , z) and let
. This is the projective closure in P 4 of the cone over the quadric hypersurface in P 3 ; its singularity is not a quotient singularity. We again verify all four of the conjectures for this example modulo an assumption about the structure of A 2 st (X /X). If we denote by s, t the first Chern classes of the projection characters of G 2 m then
We now (conjecturally) compute the strong relative Chow groups of X . First note that since X is non-singular, any Weil divisor is Cartier. Now if [D] is the support of a strong Cartier divisor then D = V (f ) where f is a function which is invariant on each G-invariant affine open in X. Such a function must necessarily be a homogeneous polynomial in the semi-invariants (x 1 x 2 , x 1 x 4 , x 2 x 3 , x 3 x 4 , v) and the Chow class of any such polynomial is a multiple of s + t. Moreover, the divisor V (v), which has Chow class s + t, is strong. Hence
At the other extreme, A 3 st (X /X) is generated by [V (x 1 , x 2 , v)] which is the class of a non-stacky closed point in X . Its Chow class is st(s + t).
For A 2 st (X /X) we only have a conjectural description. If we assume that the strong Chow group is generated by classes of substacks which are regularly embedded then A 2 st (X /X) is generated by the equivariant classes of V (x 1 , z) and V (x 2 , z). (It is easy to check that these are both strong cycles.) Since [V (
If we let α, β, and γ be classes of s + t, t(s + t), and s(s + t) respectively, then A * st (X /X) is closed under multiplication in A * (X ) and is equal to the ring
Thus, modulo our assumption that A 2 st (X /X) is generated by regularly embedded substacks we see that Conjecture 3.6 holds.
We next verify Conjecture 3.3, and hence 3.2. We have already shown that every strong divisor is rationally equivalent to an integer multiple of V (v). Since V (v) misses the stable locus, π * [V (v)] = [π(V (v))], so Conjecture 3.3 holds for all strong divisors. By Remark 3.4, the conjecture also holds for strong 0-cycles, so we need only consider strong curves. This follows from the observation that if we identify X/G as the projective variety
Lastly, we turn to Conjecture 3.7. Interestingly, π * is not injective on strong cycles since the pushforwards of β = [V (x 1 , v)] and γ = [V (x 2 , v)] are both equal to the class of a line through the vertex of the cone of X. This shows that in this example, we cannot take A * inj (X /X) equal to A * st (X /X), however, we can take it to be the subring generated by α. Then π * maps this ring injectively to the subring of A * (X) generated by powers of the hyperplane class. Example 3.14 (Verifying the conjectures for [EGS] example) We use the notation of Section 2.1. A look at the weight matrix shows that the action has generically onedimensional stabilizer along the linear subspace V (x, y) and two-dimensional stabilizer along the subspace V (x, y, z, w). Thus the stable locus for the action of G where s, t, u denote the first Chern classes of the 3 projection characters G 3 m → G m . With this notation the coordinate hyperplanes x, y, z, w, v have Chow classes s, t, u, s + t, s + t + u respectively corresponding to the weight of the action on each coordinate.
We next calculate the strong Chow groups. Any strong divisor is given by V (f ) where f is a homogeneous polynomial in the semi-invariant coordinates (xyz, zw, v) . This implies that the class of such a divisor is a multiple of s + t + u. Since [V (v)] = s + t + u, we see A 1 st (X /X) ≃ Z generated by this class. Next, A 2 st (X /X) is generated by the class of a non-stacky point [V (w, v)] = (s + t)(s + t + u). Since u(s + t + u) = 0 we see that [V (w, v) Remark 3.15 In Example 3.14, we were able to verify all four of the conjectures without ever calculating π * (s) and π * (t). We show how one may calculate these quantities, modulo the assumption that π * [V (z)] = 0, N.B. this seems like a reasonable assumption since V (z) is in the saturation of the locus (0 : 0 : 1), but it does not follow from any of our conjectures. 
